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Proprietaiti

Proprietati

l.C:{z:a—f—ib, a,beR, 112:—1};

: . : ay = as
2.a) 21 = a1 + by, 22 = ag + ibgy, atunci 27 = 2y & :
b1 = [)Q
bl 2o =apfay+i (b +ba):
1 mze = apag — bibe i (agbo + ashy ) ;
3. =a+1ib, T =a—ib;

.2=Rez+ilmz V:eC;
7.Rez=ReZ, ITmz=—Imz;
8.Re(—z) = —Rez: Im(—2) = —Imz;

[N

1
9. Rez >0 < Re - >0

1
10.Imz > 0« Im - < 0
11. Reaz =aRez: Imaz =almz, Yo e R, Vz € C:

12. RezImz| < |z] < |Rez| + |Im 2| ;
1 1 1
—5 Rez Im— = ——-Tmz;

14. Reiz = —Im 2, Tmiz = Rez;

1
13- R('\ ':: —-

2|
Z|;

15. [Rez| < ||, |Im=z

<

16.2=a+beReb=0cIn:=07% =z

17.E(z) e ReImE =0& E(2) = E(z), (E(z) oexpresiede z):
18.:=0+heiR*"a=0bF0= Rez=0Imz#40=72=—-=2
19. E(2) €iR* @ ReE(z) =0, ImE(2) #0& E = ~E, E#0;

20 |z| = 5| = Va2 + 02 =r >0, V2€C*, (|| =0 2=0);
2
— > [ - r 2 SN
21 2z = |:[2 =r = |E(,)1) =E(z)F(z):

22. 02 = aZ, Vo e R*. V2 € C;
23.7=12,V:€C, (E()) = FE(z):

z,

>

7 0;
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24.

25.

26.

27.

28.

29.

30.

31. =7

32.
33.

34.

35.
36.

37.

38.

39.

40.

Proprietati

- . _zT =z
ntn=m+?m nn=%%2 == 2#0
Z zZ9
n 1 _]I T y
Do = Y E ol e = 9L ik ap € R:
fi=l fo k=1 k1

2 12
. - 17 o J ) (l/ b
Fie 2 + iy = "Va +ibsiy+ir = /d + /. 5S4 se arate cd 22 + Y= — + =
a’* +
2 =" ¥n e N*; 27 = ()" Vi € Z*. z # 0;

Al 21
i =l fals | 2] =2 0
Z9 IZQI
I Hooooo 1 "
IT =i = I ekl s € © Lk =Ton: | [] exan| = ] 2 unde 55 € {£1};
= fe1 [osa} k=1

a) =" = |z]", ¥n € N*;
b) |2 = |2|"™, Ym € Z*, 2 # 0;

ot e b Rez dlwmz
BT S A A |V|2 |:|2 .

H:[l — '22” S |Zl :t‘.zl S |Zl| + |:2‘

|21 + 22| = |z1| + |22] © 3a > 0 astfel incat 2, = az;

n

1 n i
Yooz <0 w20 sk < OO0 |zk], unde 54 € {£1}
fe=1 k=1 fz] k=1

Imz=Im:=:cR ImE(:) =ImE(z)eR:
A=ut+uv €R, Yu,v e C:

B =ut —wv € iR*, Yu,v € C;

A=Rezizm=Rezy Rezy —ImzyIm 2o, Vz. 25 € C;
B =TImzz=Rez linzo+ Rezolm 7.V2y, 2y € C;
4 - Te o B,o z1 Re 2 + {m i Iﬁmﬁ:ij_:

zy

’ 2

9

B —1Im 2 R(ﬁvl Im 29 — }{C 2 Illl_le_‘
23 |Z'2|H

Re =" = |z|" cos (narg =)

Im =" = |z|" sin (n arg 2)

Re? (z120) +Tm? (z12) = |21)° - |z



Proprietati ale radacinilor ecuatiilor

Proprietdti ale radacinilor ecuatiilor

PH1=022+24+1=0; 22 —2+1=0

1a)22+1=0% z € {i,—i};
b)i? =1, %= —i, it =1,

C) Z4k . 1 Z4/<.+1 _7 74AJ{2 1’ 7:4]1:—}-3 - _7,
d) (1+4)% =2i, (1-40)% = —2i.
2.a) 22 +24+1=0, 212———2|: f i {21, 20} = {e1,e2};

2
b) 22 +z—|—1:(z—a)(:r:—e);

Qe?4+e+1=024++1=0;

d)g =<2

e)ed =1, % =1, Vk e Z*;
fle+e=-1e-2=1;

g) el = [g] = 1.
B.a)2’—2+1=0, 2=+ ——; {2,2} = {wo};
b)w? —w+1=0, ‘Q—w-i—l:

)22 —z+1=(z-w)(z-w);
d)w=—w? w=—¢, {w W} = {—e,~£};
e)wd = ~1, W = (- 1) k€ N%;
Hotw=1 ww=1;

g) lw| = [@] = 1.

Q‘
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16 Forma trigonometricd a numerelor complexe

Forma trigonometrica a numerelor complexe

1z=a+ib=r(cos+isind) =re? 6 €[0,27) under = va? + b2. Numerele
$i 0 se numesc coordonatele polare ale punctului M («, b) sau M (=) :

2.0 =argz € [0,2nm), Argz=argzs+ 2k .k € Z:

3.:€Re argz € {0.7};

s eqR <:>(ub,,e{2,2},

arg z) +arg 23 argz; +argzy € (0,2 w)
4. arg (z129) = sau

arg z| +arg zp — 27 arg z) +arg o € (27,4 )
arg (z172) = arg zy + arg zp — 2kw. k€ {0.1} . & se alege astfel incat membrul drept
sa apartind [0.2 7) sau arg 21z = arg z; + arg 2o, (mod27):
_ THargz, f =argz € [0, )

5.arg (—z) =

— T4 argz, 0 = arg z € [, 2m)
(dacd =z = 0 => r == 0, arg =z nedeterminat);

fagm =args >0
6. Daca z» = a7, atunci
arg zy = m+arg zp, o < )

7oa argT = 27 —arg s & argid 4 argr = 27, Vz € CF sau argr = —argz.
(mod2m) V: € C:

arg z = —arg z (mod2r) Vz € C*:

=

cargz =0 Imz =05 Rez > 0;
cargr =rm & Imr =08 Rez <0.

@® o O

sz =1 (cosf 4 isin) = el
T=r(cosf —ising) = rlcos (=0) 4 isin (—0)] = re " =
=1 [cos (2m — 0) + isin (27 — 6)];
9. 2120 = 117y Jeos (81 + ) + isin (O + 6y)] = ryrye!1H02),
103 = :1) [cos (0 — B9) +isin (6, — 03)] = "L it01-62),

29 ¥,

H i n H H
11 [T o= [T e (cos by + isinby) = ] . [(-os <Z Hk) + i sin (Z 6&)};
o1 Jeet [ k=1 k=]
12. (cos @+ isinB)" = cosnb + isinnb = ", ¥n € N*:
[ (cos @+ isin@)]" == 1" [cosnf + isinnf] = 1"e"’. ¥n € N*:
(Formula lui Moivre)



Feralaltrigonometricd a numereloricomplexe

13. (cos 8 — isin8)" = cosné — isinnb,n € Z*;
14. LT’ (COSG + 7sin 9)]77: — pn [COS mé + isin n.’f}] _¥Ym € Z*

‘ . b
15. Fie » = a + ib, atunci arg z = arctg— + km. unde
a

( b
arctg —, a>0.b>0
[}
i b
0. dacaa>0,b>0 w + arctg 2. a<0,b<0
[H)
=< 1. dacaa <0 sau f == arg z { b
9. dacia > 0,h< 0 m=wreg] s 0<0,>0
{
21 — arctg 2 a>0,b0<0
L a

16,1 = cos(O 4 7sin0

—1 = cosm+isinmw
. Qo 4oisi T
/= COS8 — + 781 —
2 2

. 37 3

—i = €08 — + ¢ 811 ——

2 2

17.2=a > 0= 2 = a(cosf + isinf)

r=0< 0= 2= i | (cos 4 isinm)
, 3 T
=i b>0=z=10 (:’.m ; + isin

b{'_ - '}f
z=ibb< 0= z=1} (u;»\ — i sin —;)

18. Ecuatia binoma
=a+ib=1r(cosl+isinf) =

17

' (04 2%n 0+ 2 0 o I
=z = YT <('0.\' s + i sin %L> = r <(0s — 4750 —-> ek =0,n—-1
n m

n T
2kx L 2k S .
19. 2" =1 & 5 = g = (’os—— -+ 7 sin :Lﬁ = e* Hh=0n-1leg =1s
n
R O 27 N .
cp = g) =" (unde £ = 7y = cos — + isin — raddcina primitivd a unitatii);
n n

20. Multimea radacinilor unitatii

Uy ={lereo..oepa}={lee . "}

-1

21 14e 469+, . Aeuy = 0sieren. ..y = (—=1)"7, L =0,p=12....,n

i=1
(Sumele lui Newton)

22. Fie » = cos 8 + isin . atunci

/,,,‘2n, 1 L2n 1 (,7() 4 70 €7',() _

cosnf = Z——= sinnf = —— ;€080 = ————— ginf = — ,
20 2z 2 2
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Capitolul 1

Egalitati

1.1 Egalitati de o variabila complexa

$ 1A,

1. Fie 2 € C astfel incat 22 = —3 + 4i. S4 se calculeze:
a)A=2%+272%

b)B = 1’,

Z— =\
z

1
c)z—|-%;
d) D =Rez+1Imz.

1
[ € R. Determinati |z] .

2. Fe » € C\ {£1} cu proprietatea: /
3. I'ie = 0 radécind cubicda complexd a unitatii. Sa se demonstreze

’ :3(|z|2+ 1).

4. Fie £ o rdddcina cubicd complexa a unitatii. 54 se demonstreze

2~ 1) + |z — el + |z — €

2+ 'u,|2 + |z + '5u|2 4+

5 (2 : ;
24 5zu| =3 (ME + \u!2>
oricarear fi . u € C.
O R e 7l

= 1. 54 se arate ca oricare ar fi = € C, atunci |z - af = |1 — az|.

21



22 Cap. 1- Egalitati

6. 5d se arate cd pentru orice » € C are loc relatia

L2

l ? N 9 1
sk S dilr | D S () =
+5| tiEty (1 +4) 4(11)
. c+1
7. Fie z € atunciexistic€ Rcu = = ——
c—1i
8. Fie = 2 —al = Va2 —b%,a > b > 0. S4 se arate ca
z—b B \/(I-LIb
s4+bl Va+t

9. Aratati ca daca » € C, astfel incat |z — | . |z|,

=+ i] sunt in progresie aritmeticd

atunci = este un numar pur imaginar.

10. Fie » € Ccu |z| = r > 0. Ardtati ca: |z — '/‘|2 + |z s — | |z 4] =

11. Daca = € C. atunci

2 A 1P 25+ 4 (

2:—+—i{2+12f€+1’|2) = 8(1+7) |z +2(1414) +8Rex.

12. Fie u = ——J{El:—‘ cuzeCrsiz

a) Sa se determine {u] ;

7) Sa se determine = dacd u este real.

1
a) a)ful =2 b)’u|"z Q) |u] = 1: d) |u] = —1.
J) @)z €RY b)z=u<0 Qr=dir,x eR: d)z=1>0.
13.Fiez € Cculz| = 1silmz > 0. Sdsearate cd |z + 1| + |2 — 1| = V2 |z + i| . Sa se

dea o interpretare geometrica.

14. Fie - € C* cu z = p((os(i + /%1116’) Sd se determine modulul si argumentul
7

numarului Lomplgx Z=z- (( o ~; + isin E) Z.

. . !
15. Fie v.h € Rcua.b > 0siz € C\ R astfel incat v = az + —j

\/b
Vo

€ R. Ardtati c&




Cap. 1 - Egalitéti 23
16. Fie u € C. S se arate ci |vu|” = |u].
17.Daciz € Rsiz € C, atundi |zsinz — Zcos x| + |zsinz + Zcos x| = 2|2)%.
15. Fie a. b, c € C. 5a se arate ca:
@) (==t + (=B (c=e)(b=c)+ (=) (z—a) (c—a) =
= (a0~ b) (b~ ¢)(c——a). oricare ar fi z € C.

19. 54 se demonstreze ca pentru = € C\ {—1}, exista A € R unic, astfel incat

1+ A
1=\

20.Fiez € Csia.b.c € Rcub # ta. Sa se arate ca:

b — [z—bl—1]2—a . . =
i = ! | = jz=al daca si numai daca = € iR".
z=b+ |z —q| b+ a
. 27 . 27 . . B .+ a
21.a) Fie s = cos — +isin —, n € N* si ¢, b € R. Sa se arate cd ecuatia P =£
n n € 1h
are solutie reald < a + b = 0
cx ; 9 9 B k(k+1)
b) Sa se arate: (14 =) (1 + 5‘) : (1 +& ) (1+e ) c¢Ren IR unde n

mpar.
22. Fie z € Csia. b € R, atunci are loc egalitatea:

1 2

1z — bz P +HaT — bz P ez + b2 +|oZ + bz =2 ((1,2 + b2) (\:|2 + \’|2) =4 ((1‘2 + 1)2) |z

23.Fiea.b.c € R* si v € C. S3 se arate ca:
.0, $

oz — bEP +laz + b2+ |bz — ZP bz + 2P+ ez — az)*Hez + a3 =4 ((1,2 + 0% + (32) Els
Generalizare.
4 1.B.

24. Fie = € C. S se arate ¢ 1 42|z = 2z + 1[° 4 |22+ 1) = 22 4 2+ 1= 0.




